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Abstract: In this article, we discuss the Ward identity for the vector currents in pure 
Yang-Mills theory with a pair of external lines complexified. We classify the cancelation 
details among the terms in the Ward identity for both tree-level currents and one-loop 
level currents. According to this, we find a new recursion relation for the full amplitudes 
and vector currents at tree-level and one-loop level. Using the new recursion relation, 
we obtain an efficient technique for the calculation of tree and one-loop amplitudes in 
Yang-Mills theory. 
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1 Introduction 

At tree-level, the amplitudes of pure Yang-Mills fields can be written as rational functions 
of external momenta and polarization vectors in spinor forms [2-7]. Such rational func- 
tions can be analyzed in detail in algebra system. According to this, BCFW recursion 
relation was proposed and developed in [8-10], which has been an exiting progress on 
the amplitudes in pure Yang- Mills theory. This was then proved in [11] using the pole 
structure of the tree-level on-shell amplitudes. For the theory with massive fields [12-16], 
the amplitudes are also rational functions of external momenta and polarization vectors 
in spinor forms. 

At loop-level, although the whole amplitudes are no longer rational functions in 
general, they can be decomposed into some basic scalar integrals with coefficients being 
rational functions of external spinors [17, 18]. The coefficient structures are studied 
in depth in [19-21]. On the other hand, the integrands of the amplitudes are rational 
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functions of the external spinors and integral momenta. For the N=4 planar super Yang- 
Mills theory, [22] gives an explicit recursive formula for the all-loop integrand of scattering 
amplitudes. 

The amplitudes in gauge theory are constrained by gauge symmetry. This leads to 
Ward identity which constrains the amplitudes at all loop-level. Inspired by the BCFW 
momenta shift, we considered the Ward identity for tree level amplitudes with complex- 
ified momenta for a pair of external lines, and then obtained a recursion relation for the 
boundary terms in BCFW technique in our recent article [1]. However, in that article, we 
chose a particular momenta shift such that the external states of the complexified lines 
are independent of the complex parameter z. Then a natural question is how to obtain a 
recursion relation for other possible momenta shifts. Furthermore, is it possible to obtain 
the full amplitudes and currents from the Ward identity, and to extend the technique to 
one-loop amplitudes? In this article, we will give positive answers to all these questions. 

In section 2, we get a new recursion relation from the complexified Ward identity 
at tree level. The technique does not rely on the on-shell momenta shifts, and only 
fewer diagrams effectively contributes to the amplitudes. Furthermore the technique 
is also suitable for the amplitudes with one off-shell line. In the calculation using the 
recursion relation, four point vertices need no consideration. In section 3, we prove the 
Ward identity at one-loop level with real external momenta. Importantly we classify the 
cancelation details among the terms from different diagrams. These cancelation details 
can be extend to the amplitudes with complex external momenta. Then in section 4, we 
present the explicit recursion relations according to the cancelation details resulted from 
the complexified form of the Ward identity. An example is given in section 5 to show the 
correctness and efficiency of our method. 

2 Ward Identity Implied Recursion Relation at Tree Level 

In [1], we proposed that the complexified Ward identity induces a recursion relation for 
the boundary terms of the complexified amplitudes. Here we explain that the Ward 
identity can induce a new recursion relation for the full amplitudes. Furthermore, it is 
also possible to realize an effective recursion relation for the amplitudes with external off- 
shell lines . We denote such amplitudes by r-rank tensor currents J^'iA'2 --Mr^ where r is 
the number of the external off-shell lines. For practice in the loop-level on-shell amplitude 
calculation, we only need the tensor currents of rank up to 2. For convenience, we denote 
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1-rank and 2-rank currents as vector currents and tensor currents respectively in the 
following. 



2.1 Recursion Relations for the Vector Currents 

First, we discuss vector currents at tree-level. The proof of complexified Ward identity 
was given in [1]. Now we will study how to deduce the recursion relation for the full 
amplitudes of vector currents using Ward identity. We first contract the vector currents 
with the momentum of the off-shell line or on-shell momentum. Then for the off-shell lines 
L'^, we shift its momentum and the momentum of another on-shell line L|, such that the 
L| remain on-shell. The momenta of and L'^ are Pi = AjAj, Pe = AeAe + /3e/3e. There are 
two kinds of momentum shift Aj — > Xi~zXe, Ag — Xe+zXi and Aj Xi—zXe, Ag Ag+zAj. 
The Ag and Ag are free to choose for convenience. Hence it is possible to get three linear 
independent i] such that they are also linear independent with pe- 

As discussed in [1], according to the fact that the complexified Ward identity holds 
for arbitrary complex parameter z, we can deduce by doing a derivative over z, that for 
the vector currents, 

M^)XU^O = -^^^P'eU^O, (2.1) 

where r] are defined as pe = Pe + zij. This equation can be used to calculate the r]- 
component of the vector currents. For the off-shell L^, we need three linear independent 
7] to obtain the full current. For the on-shell L'^, the left handside in 2.1 is just the 
amplitude upto a constant factor under the corresponding momenta shift. 

The left handside of equation 2.1 can be simplified into currents of fewer on-shell 
lines directly. To this end, we rewrite the three point vertices which contact the external 
line directly as 



where 



1 

-^MlM2Me ~ (~2?7/i2Me (^e)/Xl + '^V ^J.e^J.l i^e) fj.2) 

^WM2Me = (-^M2Me(^l)w + V ,^e,^l i^) f,^) ■ (2-3) 
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For convenience, by contracting the three point vertex with the momentum of L^, we 
denote the new vertices in the S and M terms of 2.3 as follows. 



2 



2x i 2 ^ 



(2.4) 



Using the complexified Ward identity and the cancelation details in [1], M term can 
be removed before doing the derivative over z. The R term is non-vanishing only when 
the derivative acts directly on the vertex containing L^. The contribution from S terms 
cancels among the diagrams, if the derivative is not acting on the vertices containing or 
next to or not acting propagators that shares a vertex with L'^. In other words, in 2.1 
we only need consider the derivatives acting on the vertices containing or next to the L*^ 
or the propagators connecting L'^. We write down the non- vanishing terms in Figure 1 
explicitly: 

i (— Ji ■ J2V ■ ke — 2.J-2 ■ kei] ■ Ji + 2Ji ■ kef] ■ J2) 



V2 kfk 



2Z.2 
2 



^(fe) _ i {Jl ■ J2'n ■ ke - 2Jl ■ fce?7 ■ J2 + 2J2 ■ k^T] ■ Jj) 

~ klkl 



-i {Jl ■ J2r] ■ J3 + 2J2 ■ J-iT] ■ Jl - 2 Jl ■ JsT] ■ J2) 

^ h.2h.2h.2 
Li \ 2 3 



Tx^(d) ^ -Z (- Jl ■ J2?? • J3 - 2J2 ■ JzTj ■ Jl + 2Ji ■ J37/ ■ J2) 



-2 Jl • J277 • ki) 



V2 klkl 



^2 

W^f^ = ^^^^^H#T^- (2-7) 

72 klkl 

Thus we have represented the vector current with vector currents of fewer external states 
^1,2,3- For off-shell L^, according to the three linear independent components of the vector 
currents, together with the Ward identity, we can obtain the vector currents as shown in 
[1]. For on-shell L*, the component of the vector current is just the amplitude. Hence 
our new technique can even be used to determine the vector current or the amplitude 
where the on-shell lines other than L*^ are of same helicity. 
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Figure 1: Effective contributions to the vector currents. Here and following, the d, denotes 
that we act the ^ on the vertices or propagators. For each three-point vertex in tree part of 
the diagram contacting L^, we always remove the M terms according to the Ward identity. 

2.2 Recursion Relations for Rank Two Tensor Currents 

Now we discuss the tensor currents. The technique above can be generaUzed to the tensor 
currents directly. In this case, we need two independent momentum shifts for the line 
pairs (L|,L^) and (L^jLg). The shifted momenta are 

ki = kl - zr]i kj = kj- wr]2 



kl = kl + ZTji 



kl = kl + wri2, 



where z, w are shift parameters. Then from 



dz dw 



{21 



(2.9) 



we get 



^MiA'2'/l '12 



dA^^ 



^2 



dw 

MlM2 



dA 



dz 



\z,w- 



.OV'l'iK)"' 



dzdw 



M2 



(2.10) 
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The first two terms are of similar form and get contribution from Fig. 2. Tlie third 
term gets contribution from Fig. 3. It is easy to see that the tensor currents can be 
decomposed into products of tensor currents and vector currents with fewer external 
on- shell lines. 




Figure 2: Effective contributions from the first term in 2.10 to the tensor currents. 




Figure 3: Effective contributions from the third term in 2.10 to the tensor currents. 
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3 Complexified Ward Identity at One-loop Level 

At tree level, we proved that the Ward identity ■ A;^ = holds even for currents 
with complexified external momenta. In the proof, we discussed the cancelation in detail 
among the terms in ■ k^. The cancelation details help simplify the calculation in 
practice. 

In this section, we extend the technique to one-loop level for pure Yang-Mills theory. 
We use dimensional regularization to regularize the divergences from loop integrals. After 
complexifying a pair of external momenta, some lines on the loop carry complex momenta 
and bring ambiguous to the meaning of the loop integral. However, according to equation 
2.1, what we need for our technique is the derivative of the integrand at the value z — )■ 0. 
And it is easy to prove that: 



where the " over k or k' denote the dependence on z. Thus for our technique, we can 
translate or fiip the integral variable even when the integrand is complex. We will find 
that the diagrams can be sorted into two sets: the contribution to ■ k^ from the first 
set is at integrand level; the contribution to A^^ ■ k^ from the second set at integrand 
level can be related by a translation or a fiip(/ — ?■ — /) of the loop momentum, such that 
after integration the contribution is as explained above. 

Some additional attention should be paid to color orderings and symmetry factors. 
At tree level there is only one color ordering contributing to the the primary part of the 
color ordered amplitudes or currents, and the color ordered Feynman rules are given in 
[6]. At one loop level, most diagrams have only one color ordering except the following 
three kinds of diagrams: there are two three-point vertices on the YM field loop; there is a 
three-point vertex and a four-point vertex on the YM field loop; there are two four-point 
vertices on the YM field loop. For the first two cases, the contributions from the two color 
orderings are the same at integrand level. For the third case, the contributions from the 
two color orderings at integrand level differ by a translation of the integral variable, and 
for our technique we can view the two contributions equal as explained around equation 
3.2. In a word, these three kinds of diagrams contribute a factor of 2 from possible color 
orderings. At the same time, these three kinds of diagrams have symmetry factor |, just 
canceling the doubling from color orderings. 




(3.1) 



(3.2) 



7 



We prove the Ward identity for real external momenta by induction. First we verify 
directly A{ei, ii)k2 = and A{ei, €2, /i)A;3 = 0. The integrand of A{ei, fj,)k2 is the sum of 
the following terms 

^ ^^^^^.^2 = - l)(^2i - hi) ■ ei (^^^ 

= i(d-l)(^2i-A;2i)-ei 

_ ihi- eik2i ■ k2 _ 1 A;2i ■ £1^21 • k2 



1.2 12 ' V / 2 7.2 L2 

"'12"'12 ^ — '^12"'12 

k2i-eiki2-k2 ^ hi ■ eiki2 ■ k2 



2 t.2 T.2 ' ; 2 7,2 7,2 

"'12'*'12 "'12"'12 

= 0, (3.3) 

where A;i2 is the momentum on the loop from vertex 1 to vertex 2, and k2i is the momen- 
tum on the loop from vertex 2 to vertex 1, and similarly for ki^ etc. below. 

It is easy to see that the contributions to the integrand from A and V cancel the con- 
tribution from ghost loops(Reminder: A and V, and other similar notations appearing in 
the following, refer to different parts of the three-point vertex contacting the momentum 
line. See the diagrams and refer to equation 2.4). The integrand from A and the minus of 
the integrand from ▼ differ by a translation of the integral variable, and the integration 
of the two terms adds up to in sense of equation 3.2. 

Then we directly verify A{ei, 62, fJ')k^ = 0. To make the cancelation more obvious, 
we also include the diagrams with loop inserted in one of the external on-shell lines. Such 
diagrams in total do not contribute to Ward identity. 

The terms in the integrand of A{ei, €2, fi)k^ are canceled as follows: 




3 




+ 1^.^ + 1 




■[k3 ■ J1J2 ■ {ksi - k2i) + J2 ■ -^1^:3 ■ (A:3i - A;2i) 



4a/2 A;f2A;f3 

+ (2d-4)J2-A;3Ji-(A;3i-A;2i)]. (3.4) 

Here d is the dimension of the spacetime. By setting k2i = I — ^kijk^i = —I — |A;i, it 
is seen that the terms in (a) are all odd under / — — and the sum will vanish after 
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integration. 



(b) 






32 



+ 2 



[h ■ J2J1 ■ (ku - ks2) + J2 ■ Jik-i ■ {ki2 - ks2) 

+ {2d-A),h-hJ2-{h2-k^2)] 



(3.5) 



Similar with (a), the summation in [h) also vanishes after integration. 





•3 + 

1' 

^^pg[^3 ■ J2J1 ■ {-k23) + (-2)J2 ■ Jifca 
+ Ji ■ k^J2 ■ {-k2-i)] 




"23; 



(3.6) 



2 \ 2 

-11 ^ 

= , u2 [^3 ■ J2J1 ■ (ku) + (-2)J2 ■ Jiks ■ (/cia) 

4v 2 «^i3%2 

+ Ji ■ h,J2 ■ {kn)] (3.7) 
Thus, the summations in (c) and {d) also vanish under integration. The other summations 
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in the following vanish at integrand level. 









(3.8) 



= (3.9) 

For N-point diagrams, the cancelations among different diagrams are similar with those 
appeared for the three point currents or amplitudes. Before we classify the cancella- 
tions, we explain some more notations: Vq denotes the three point vertex contacting the 
momentum line; when Vq is on the loop, Vi or V^i is next to Vq on the clockwise or 
anti-clockwise side on the loop; V±n is the natural generalization from V±i; D±i is the 
propagator between V±i and Vq. Then we classify the cancellations as follows: 

• The contributions from ▲ and T part of Vq cancel after summing over the subset 
of diagram as shown in the tree- level proof of Ward identity in [1]. 

• If the momentum line does not contact loop directly, the contributions from A and 
V cancel by inductive assumption. 
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• When the momentum hne hnks to the loop directly, the contribution from A (and 
similar analysis for V) will lead to the momentum of D_i contracting with V-i. The 
contraction will in turn lead to four terms A, ▼, V and A from the decomposition of 
V^i. These four terms are denoted A_i etc., and similarly for A„ in the following. 
The last term A„i vanishes directly since the tree-level currents are conserved. The 
first two terms will cancel other diagrams in the same way as Case 1. Hence only 
the one term from V is left. Then the momentum contraction continues in the 
same way as in the beginning of this case until it meets the three point vertex Vi. 
After contracting with Vi, both terms from Ji and Vi are left. If at the beginning 
of this case we started with V, A_i and A_i will be left. The four terms from 
VoV_iV_2 ■ ■ ■ Vi, VoV_iV_2 ■ ■ ■ Ti, A0A1A2 ■ ■ ■ A_i and A0A1A2 ■ ■ ■ A_i will add 
up to cancel the ghost loop diagrams similarly to the situation shown in (g) of 
Equation 3.9 for the three point case. 

Hence we have proven that Ward identity holds for any point currents at one-loop 
level. 

4 Implied Recursion Relations 

We stated in section 2 that, at tree level to get non- vanishing contribution to the compo- 
nents of the vector currents, the derivative ^ should act on the vertices Vq or next to Vq 
(Vq denotes the three point vertex contacting the momentum line), or act on the propa- 
gators connecting Vq. According to the cancelation details at loop level in the previous 
section, the rules for acting ^ are modified at loop level compared to tree level rules, as 
follows. 

At one-loop level, the action of ^ can be classified as: 

1. When the momenta shift affect the momenta in the loop, ^ acts on the vertices and 
propagators with z-dependence in the tree part of the Feynman diagrams containing 
the momentum line L^. 

2. When the momenta shift do not affect the momenta in the loop, ^ acts on the 
vertices and propagators in the tree part of the Feynman diagrams containing both 

and the other complexified external on-shell line L^. 
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When the momenta shift affect the momenta in the loop, acts on the vertices and 



propagators with z-dependence in the tree part of the Feynman diagrams containing 



The first, second and third cases are similar with the tree level cases and we roughly 
repeat some key points. We rewrite the three point vertices Vq as in 2.2. The M terms 
which are proportional to (A;i)^^ and {k2)fi2 can be removed according to the complexified 
Ward identity at tree and loop level. Furthermore, when ^ does not act on the Vq, the R 
terms 'UiJ.2iJ.kS~'^^e)ni +'7Mfce/ii(2^e)M2 '^o^ contribute after contracting with kg,. Then we 
only need to consider the S terms (^AJiAt2(^i ~ k-^)^^^. If the derivative does not act 
on the vertices Vq or next to Vq, nor act on the propagators connecting Vq) then S terms 
also vanish after summing over all kinds of diagrams. Above all, the total contribution 
from the second case will vanish, and for the first and third cases the final effective terms 
in the currents or amplitudes are the same as those in the tree level cases. 

In the fourth case, L*^ connects to the loop. According to 3.4-3.7, the diagrams with 
gluon loops cancel unless the derivative acts on the vertices Vq or next to the Vq or the 
propagators connecting Vq. Then the terms proportional to {ki)^^ and {k2)^2 ^ P^^^ 
of the vertex cancel the terms from corresponding diagrams with ghost loop. According 
to 3.8, the non-trivial contribution can be induced by acting the derivative on the vertices 
and propagators between and the next external line on the left or right side of L^. 
Hence the remaining terms after the cancelation with ghost loop diagrams induce extra 
contributions for the third case. Other terms will lead to same effects as those at the 
tree level. 

First, we calculate the general formula of each diagram in Fig. 4 for the first case. 
Each non-vanishing contribution can be written as following. 

When the derivative acts on the vertices or propagators in tree sub-diagrams, the 
formulae are similar with pure tree level amplitudes: 



4 



4- acts on the vertices and propagators on the complex loop lines. 




W, 




i { — J°°^ ■ J2I] ■ ke — 2J2 ■ kel] ■ Ji"^ + 2J"°^ ■ kel] ■ J2) 

i ■ J2r] ■ ke — 2j[°°^ ■ kgi] ■ J2 + 2J2 ■ k^rj ■ 

72 Wkj 



(4.1) 



12 



(«) 








(/) 




Figure 4: Effective contributions to the one- loop vector currents in Case 1. The circles and 
solid circles denote loop parts and tree parts of the diagrams respectively. 



W, 



(c) 



loop 



t ( jI"' ■ J^ri ■ h + 2 J2 ■ J:,ri ■ JT" - 2 j;"' ' hn ■ J'. 



loop 



jloop 



"'1"'2"'3 



-fr ■ J2V ■ J3 - 2J2 ■ Jsv ■ fr + 2fr ■ jsv ■ J2) 

h.2h.2h.2 



(4.2) 



W, 



I (2 ■ ■ fci) 
a/2 k'lk'l 



loop 



(4.3) 



According to the above formulae, we find that the vector currents or amplitudes have 
been reduced to those with fewer external on-shell lines. 



As shown in Fig. 5, when the derivative acts on the vertices on the loop, the formulae 
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are a little different: 

^""P 2 kjP{l + kiy ^ ■ ^ 

The new tensor currents(with two indices) with loop momentum / can be further obtained 
by the method in Section 2.2. 




Figure 5: Effective contributions to the one-loop vector currents in Case 1 and 4. The L'^ is 
in the tree part of the diagrams. 



The second and third cases are similar. 

For the fourth case, beside the contributions from diagrams in Fig. 5, the extra 
diagrams which will lead to non-trivial contributions are shown in Fig. 6 and Fig. 7. We 
can write down the total contributions to A ■ r] from Fig. 6 directly: 

1 d I 2kif. ■ Jikf^n ■ JniJ^el ^en) ' ' Jl^en ' Jn ^le ' JlJn ' ^4 



(72)-+! dz \ klkl^ k^e kl 

{kne ~ kie) ■ Jnkle " Jl {kne ~ ^le) ' Jl^en ' Ji 
k21 ■ J2 ks2 ■ 'h' ' ' hi^i ■ Ji ki+ii ■ Jj+i ■ ■ ■ k(n-l){n-2) ■ Jn-l , / . r\ 

X — L^o (4.5) 

'^12'^23 «'(n-2)(n-l) 

Here ^ only acts on the terms in the parentheses, since the summation of the terms in 
the parenthesis will vanish when z — )■ if the ^ acts on other terms. 

The terms from Fig. 7 are 

^^loop fK 1.2 U2 ' ^ 



t,2h.2 1.2 
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Hence the calculation of loop diagrams is simplified to the calculation of products of 
tensor currents and vector currents, which can be obtained reductively by tree level 
technique in Section 2. 




Figure 6: Diagrams with the M terms and ghost contributions. Here, connect to the loop. 



5 Example 

As an application and verification of our technique, we compute a well-known and simple 
example y4(l+, 2"*", 3"^, 4~). We choose the on-shell state of line 4 to be replaced by its 
momentum. Since the amplitude is gauge invariant, for convenience, we can set the 
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Figure 7: Diagrams with the S and R term contributions. Here, L'^ connect to the loop. 



reference spinors of external on-shell states as follows: 
_^ _ /iAi _^ _ ^1X2 + _ /iA3 

We take fi = Xe, fi = Xe and 
4~ and the momenta shifts to be: 



Ae/i 



(/i,A2)' ' (^,A3)' ^ [Ae,/i] 

A;4 = AgAe. We choose complexifying lines to be l"*" and 



ki — A^Ai — ^AgAx, kg — AgAg ~l~ ^^AgA^. 



According to 2.1, the amplitude can be rewritten as 



A(l+,2+,3+,r 



1 



[Ag,A 



1 dA{z] 



[Ag, Ai 



dz 



(5.1) 



(5.2) 



Then according to the discussion above, the possible non-vanishing contributions 
come from the diagrams in Fig. 8. Furthermore, according to the spinor helicity tech- 
nique, the terms from Fig. (b), (c),(e),(f),(i),(k), (1), (n), (o) are all equal to zero at the 
integrand level and terms from Fig. (g),(h), (j), (m) vanish after integration. Hence the 
non-trivial terms come from (a), (d) and the terms remain from ghost cancelation as in 
Fig. 6: 

A^*^) (X ks ■ eiks ■ eiki ■ e2ki ■ e3(-16(d - 4) - 36)(D33i - D333 + Dn33 - A333) 
A^''^ cc ks ■ eik; ■ eiki ■ e^k^ ■ e^{lQ{d - 4) + 32)(C2ii - C221 + C12 - C22) 

Ai9host) ^ . ^^^^ . ^^^^ . ^^^^ . ^34(^331 - D333 + 1^1133 " ^^^1333), (5.3) 

where d is the dimension of the spacetime and the constant D^C are defined in [24]. 
They are constants from the loop integration. In total, the amplitude 74(1"*", 2+, 3''", 4~) 
is 



—1 ki ■ k/^ + kj, ■ k^ 
487r2 {ks ■ k^fki ■ k^ 



(ks ■ eik's ■ €iki ■ ea/ci ■ €3) 



(5.4) 



agreeing with [25, 26]. 
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6 Conclusion 



We have discussed the Ward identity in detail for the currents and amphtudes in pure 
Yang-Mills theory. We find that the Ward identity with two external lines complexified 
holds at tree and one loop level. Then we use the Ward identity to deduce a new 
recursion relation for the total amplitude at tree and one loop level. In this technique, 
three steps are important to simplify the calculation. First, according to the complexfied 
Ward identity, we can convert the calculation of the amplitudes or the currents to the 
calculation of derivative of the currents contracting with momentum. Second, we rewrite 
the three point vertex, the one contacting the momentum line in Ward identity, into a 
new form with three terms, such that when the vertex is on the loop only two terms 
are left, and when the vertex contact internal tree lines only one term is left. Thirdly, 
according to the cancelation details in the proof of complexified Ward identity, we find 
most terms from different diagrams cancel with each other. The number of remaining 
effective terms or diagrams are reduced greatly. 

Comparing with the technique in our previous work [1], we find the technique in this 
article is more universal. Here we can obtain a recursion relation for the total amplitudes 
and do not need to use BCFW recursion relation. Furthermore, to use this technique, 
we do not need to avoid the unphysical poles and the complexified on shell states can 
also depend on z. Hence this technique works well for the amplitudes with any helicity 
structure and the momenta shifts are more general than the ones in [1]. In addition, this 
technique can be used for calculating one loop amplitudes with any helicity structure. 

In principle, it is possible to generalize our method to higher loop cases and to other 
theories such as QCD. The only obstruct is to classify all the cancelation details for 
the Ward identity with complexfied external momenta. We leave this to future work. 
Another extension is to combining our technique with other methods, such as unitary 
cut, generalized unitary cut, BCFW, OPP [27] et al to further simplify the calculation 
in pure Yang-Mills theory. 
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